
Stepped Pressure Equilibrium Code

volume

Computes volume of each region; and, if required, the derivatives of the volume with respect to the interface geometry.

[called by: dforce and xspech.] [calls: .]
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1.1 volume integral

1. The volume enclosed by the v-th interface is given by the integral

V =

∫
V

dv =
1

3

∫
V

∇ · x dv =
1

3

∫
S

x · ds =
1

3

∫
2π

0

dθ

∫
2π/N

0

dζ x · xθ × xζ |s (1)

where we have used ∇ · x = 3, and have assumed that the domain is periodic in the angles.

1.2 representation of surfaces

1. The coordinate functions are

R(θ, ζ) =
∑

i

Re,i cos αi +
∑

i

Ro,i sinαi (2)

Z(θ, ζ) =
∑

i

Ze,i cos αi +
∑

i

Zo,i sin αi, (3)

where αi ≡ miθ − niζ.

1.3 geometry

1. The geometry is controlled by the input parameter Igeometry as follows:

2. Igeometry.eq.1 : Cartesian :
√

g = Rs

V =

∫
2π

0

dθ

∫
2π/N

0

dζ R

= 2π
2π

N
Re,1 (4)

3. Igeometry.eq.2 : cylindrical :
√

g = RRs = 1

2
∂s(R

2)

V =
1

2

∫
2π

0

dθ

∫
2π/N

0

dζ R2

=
1

2
2π

2π

N

1

2

∑
i

∑
j

Re,iRe,j [cos(αi − αj) + cos(αi + αj)]

+
1

2
2π

2π

N

1

2

∑
i

∑
j

Ro,iRo,j [cos(αi − αj) − cos(αi + αj)] (5)

4. Igeometry.eq.3 : toroidal : x · eθ × eζ = R(ZRθ − RZθ)

V =
1

3

∫
2π

0

dθ

∫
2π/N

0

dζ R (ZRθ − RZθ)

=
1

3

∑
i

∑
j

∑
k

Re,i (Ze,jRo,k − Re,jZo,k) (+mk)

∫∫
dθdζ cos αi cos αj cos αk

+
1

3

∑
i

∑
j

∑
k

Re,i (Zo,jRe,k − Ro,jZe,k) (−mk)

∫∫
dθdζ cos αi sinαj sin αk

+
1

3

∑
i

∑
j

∑
k

Ro,i (Ze,jRe,k − Re,jZe,k) (−mk)

∫∫
dθdζ sin αi cos αj sin αk

+
1

3

∑
i

∑
j

∑
k

Ro,i (Zo,jRo,k − Ro,jZo,k) (+mk)

∫∫
dθdζ sinαi sinαj cos αk (6)
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5. (Recall that the integral over an odd function is zero, so various terms in the above expansion have been ignored.)

6. The trigonometric terms are

4 cos αi cos αj cos αk = + cos(αi + αj + αk) + cos(αi + αj − αk) + cos(αi − αj + αk) + cos(αi − αj − αk)

4 cos αi sin αj sin αk = − cos(αi + αj + αk) + cos(αi + αj − αk) + cos(αi − αj + αk) − cos(αi − αj − αk)

4 sinαi cos αj sin αk = − cos(αi + αj + αk) + cos(αi + αj − αk) − cos(αi − αj + αk) + cos(αi − αj − αk)

4 sinαi sin αj cos αk = − cos(αi + αj + αk) − cos(αi + αj − αk) + cos(αi − αj + αk) + cos(αi − αj − αk)

(7)

7. The required derivatives are

3
∂V

∂Re,i
= (+Ze,jRo,kmk − Re,jZo,kmk − Re,jZo.kmk)

∫∫
dθdζ cos αi cos αj cos αk

+ (−Zo,jRe,kmk + Ro,jZe,kmk + Ro,jZe,kmk)

∫∫
dθdζ cos αi sin αj sinαk

+ (−Ro,kZe,jmi)

∫∫
dθdζ sin αi cos αj sinαk

+ (−Re,kZo,jmi)

∫∫
dθdζ sin αi sin αj cos αk

(8)

3
∂V

∂Zo,i
= (−Re,kRe,jmi)

∫∫
dθdζ cos αi cos αj cos αk

+ (−Ro,kRo,jmi)

∫∫
dθdζ cos αi sin αj sinαk

+ (−Re,jRe,kmk)

∫∫
dθdζ sin αi cos αj sinαk

+ (+Ro,jRo,kmk)

∫∫
dθdζ sin αi sin αj cos αk

(9)
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